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Abstract
Given a graph G and X ⊆ V (G), we say M is an minor of G rooted
at X , if M is a minor of G such that each bag contains at most one
vertex of X and X is a subset of the union of all bags. We consider
the problem whether G has a highly connected minor rooted at X if
X ⊆ V (G) cannot be separated in G by removing a few vertices of G.
Our results constitute a general machinery for strengthening state-
ments about k-connected graphs (for 1 ≤ k ≤ 4) to locally spanning
versions, i. e. subgraphs containing X , of graphs in which only a vertex
subset X has high connectivity. As a first set of applications, we use
this machinery to create locally spanning versions of six well-known re-
sults about degree-bounded trees, Hamiltonian paths and cycles, and
subgraphs of planar graphs.
AMS classification: 05C83, 05C40, 05C38.
Keywords: Minor, rooted minor, connectedness, spanning subgraph.
1 Introduction and Main Result
In the present paper, we consider simple, finite, and undirected graphs; V (G)
and E(G) denote the vertex set and the edge set of a graph G, respectively.
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For graph terminology not defined here, we refer to [5].
Let G be a graph and M be a family of pairwise disjoint subsets of V (G)
such that these sets — called bags — are non-empty and for each bag A ⊆
V (G) the subgraph G[A] induced by A in G is connected. Let the bags
of M be represented by the vertex set V (M) of a graph M , then we say
M = (Vv)v∈V (M) is an M -certificate and M is a minor of G if there is
an edge of G connecting two bags Vu and Vv of M for every uv ∈ E(M).
As an equivalent definition (see [5]), a graph M is a minor of a graph G
if it isomorphic to a graph that can be obtained from a subgraph of G by
contracting edges.
Here, we want to keep a set X ⊆ V (G) of root vertices alive in the minors.
Therefore, we extend the concept of minors and introduce rooted minors.
For adjacent vertices x, y ∈ V (G), let G/xy denote the graph obtained from
G by removing y and by adding a new edge xz for every z such that yz ∈
E(G) and xz /∈ E(G). That is, the edge xy is contracted into the vertex x
stated first (multiple edges do not occur); this is different from the standard
notion of contraction, where a new artificial vertex vxy is introduced as to
replace both x and y. We call an edge xy of G X-legal if y /∈ X. While this
distinguishes xy from yx, both notions refer to the same undirected edge.
A graph M is a minor of G rooted at X or, shortly, an X-minor of G if it
can be obtained from a subgraph of G containing G[X] as a subgraph by a
(possibly empty) sequence of contraction of X-legal edges. Lemma 1 shows
that there is an equivalent definition of a minor of G rooted at X by using
certificates:
Lemma 1. Let G be a graph and X ⊆ V (G). If M is a graph with X ⊆
V (M) and there is an M -certificate M = (Vv)v∈V (M) of G, then M is an
X-minor of G if and only if v ∈ Vv for all v ∈ V (M) and E(G[X]) ⊆ E(M).
Proof of Lemma 1.
Suppose M and M fulfill v ∈ Vv for all v ∈ V (M) and xy ∈ E(M) for each
xy ∈ E(G[X]). Then G′ = G[
⋃
v∈V (M) Vv] is a subgraph of G. We obtain a
subgraph G′′ of G′ by removing all edges between Vv and Vw for all distinct
v,w ∈ V (M) with vw /∈ E(M). Since xy ∈ E(M) for xy ∈ E(G[X]), G′′
contains G[X] as a subgraph. Starting with G′′ and repeatedly contracting
X-legal edges vy with v ∈ V (M) and y ∈ Vv \ {v} ⊆ V (G) \ X as long as
there is v ∈ V (M) with |Vv| ≥ 2, we obtain M . Hence, M is an X-minor of
G.
Now, let M be an X-minor of G obtained from a subgraph G′ of G by
contracting edges. We partition V (G′) by defining Vv for every v ∈ V (M).
Let Vv = {v} and iteratively add back all vertices y ∈ V (G
′) to Vv if wy
was contracted to w ∈ Vv. Then M = (Vv)v∈V (M) is an M -certificate,
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X ⊆ V (M), v ∈ Vv for v ∈ V (M) and xy ∈ E(M) for xy ∈ E(G[X]) since
xy ∈ E(G′). 
Note that an X-minor of G contains G[X] as a subgraph and an ∅-minor of
G is a minor of G in the usual sense whereas a minor of G is isomorphic to
some ∅-minor of G. In this paper the set X is never empty.
If for an X-minor M of G there is an isomorphism ϕ from a subdivision of
M into a subgraph of G such that all vertices of M are fixed by ϕ, then M
is called a topological X-minor of G.
A set S ⊂ V (G) is an X-separator of G if at least two components of G− S
obtained from G by removing S contain a vertex of X.
Let κG(X) be the maximum integer less than or equal to |X| − 1 such that
the cardinality of each X-separator S ⊂ V (G) — if any exists — is at least
κG(X). It follows that κG(X) = |X| − 1 if G[X] is complete; however, if
X is a proper subset of V (G), then the converse needs not to be true. If
κG(V (G)) ≥ k for a graph G, then we say that G is k-connected, and a
V (G)-separator of G is a separator of G. This terminology corresponds to
the commonly used definition of connectivity, e. g. in [5].
In the remainder of this section, we deal with the question whether, for
a given graph G and X ⊆ V (G), G has a highly connected X-minor or
even a highly connected topological X-minor if κG(X) is large. An answer is
given by the forthcoming Theorem 1; we present examples showing that this
theorem is best possible. The proof can be found in the second section. As
applications, we present, in the third section, local versions of some theorems
on the existence of special spanning subgraphs of graphs.
Theorem 1.
Let k ∈ {1, 2, 3, 4}, G be a graph, and X ⊆ V (G) such that κG(X) ≥ k.
Then:
(i) G has a k-connected X-minor.
(ii) If 1 ≤ k ≤ 3, then G has a k-connected topological X-minor.
Observation 1. Theorem 1 (i) is best possible, because there are infinitely
many (planar) graphs G with the property that G contains X ⊆ V (G) such
that κG(X) = 6 and G has no 5-connected X-minor.
Proof.
For an integer t ≥ 7, the graph G7 of Figure 1 can be readily generalized to
a plane graph Gt containing a set X of t white vertices of degree 6 forming
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Figure 1: The graph G7.
a t-gon of Gt and 4t black vertices of degree 4 such that κGt(X) = 6. The
assertion is proved, if there is no 5-connected X-minor M of Gt.
Assume that M exists and that M is obtained from a subgraph H of Gt by
contractions of X-legal edges. If |V (G)\V (H)| = b, then we can say that M
is obtained from Gt by a number a of contractions of X-legal edges and by b
removals of vertices not belonging to X. If an X-legal edge xy is contracted
or a vertex z /∈ X is removed, then the degree of a vertex distinct from
x, y or distinct from z, respectively, does not increase, respectively. Since
Gt has 4t vertices of degree 4 and the minimum degree δ(M) of M is at
least 5, each black vertex either must be removed or an incident edge must
be contracted. Thus, it follows 2a + b ≥ 4t implying a + b ≥ 2t. Because
n = |V (M)| = |V (Gt)| − (a+ b) = 5t− (a+ b), we obtain n ≤ 3t.
Note that M , as an X-minor of a planar graph, is planar. Since M is 5-
connected, it has, up to the choice of the outer face, a unique embedding
into the plane. It is clear (consider the drawing of G7 in Figure 1) that the
vertices of X remain boundary vertices of a t-gon α of such an embedding of
M into the plane. For a vertex x ∈ X, let NM (x) be the set of neighbors of x
in M , |NM (x)| ≥ 5. Furthermore, |N
∗(x)| ≥ 3 for N∗(x) = NM (x) \X and
x ∈ X, because otherwise the boundary cycle of α has a chord incident with
x and the end vertices of this chord form a separator ofM , contradicting the
3-connectedness, and therefore also the 5-connectedness of M . If N∗(x1) ∩
N∗(x2) 6= ∅ for non-adjacent x1, x2 ∈ X, then S = {x1, x2, u} with u ∈
N∗(x1) ∩N
∗(x2) is a separator of M , a contradiction. For the same reason
|N∗(x1)∩N
∗(x2)| ≤ 1 for adjacent x1, x2 ∈ X, and ifN
∗(x1)∩N
∗(x2) = {u},
then x1, x2, and u are the boundary vertices of a 3-gon of M . It follows
n = |V (M)| ≥ |X|+ |
⋃
x∈X
N∗(x)| ≥ t+
∑
x∈X
(|N∗(x)| − 1) ≥ 3t.
All together, n = 3t, V (M) = X ∪
⋃
x∈X N
∗(x), |N∗(x)| = 3 for x ∈ X,
|N∗(x1) ∩N
∗(x2)| = 0 for non-adjacent x1, x2 ∈ X, |N
∗(x1) ∩N
∗(x2)| = 1
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for adjacent x1, x2 ∈ X, and if N
∗(x1) ∩ N
∗(x2) = {u} in this case, then
x1, x2, and u are the boundary vertices of a 3-gon of M .
For v ∈
⋃
x∈X N
∗(x), it holds |NM (v) ∩ X| ≤ 2, thus, |NM (v) ∩ (V (M) \
X)| = |NM (v) ∩ (
⋃
x∈X N
∗(x))| ≥ 3 and it is checked readily that v has a
neighbor w ∈ N∗(x′) such that x 6= x′ and {x, x′, v, w} is a separator of M ,
a contradiction to the 5-connectedness of M . ♦
Observation 2. Theorem 1 (ii) is best possible, because for an arbitrary
integer ℓ, there is a (planar) graph G and X ⊆ V (G) with κG(X) ≥ ℓ such
that every topological X-minor of G is not 4-connected.
ℓ ℓ ℓ ℓ ℓ
ℓ
Figure 2: The graph Fℓ.
Proof.
For ℓ ≥ 4 consider the graph Fℓ of Figure 2 and let X be the set of white
vertices of Fℓ. The vertices of X have degree ℓ ≥ 4 and all black vertices
have degree at most 3 in Fℓ. Moreover, it is easy to see that κFℓ(X) = ℓ.
Suppose, to the contrary, that there is a 4-connected topological X-minor
M of Fℓ and an isomorphism ϕ from a subdivision of M into a subgraph
H of Fℓ. Then vertex v ∈ V (M) is a vertex of H and has degree at least
4 in H and, therefore, also in Fℓ, thus, v ∈ X. Since X ⊆ V (M) it follows
X = V (M). The vertices of X are boundary vertices of a common face
in Fℓ, hence, also in M . Consequently, M is a simple outerplanar graph
implying δ(M) = 2, a contradicting δ(M) ≥ 4. ♦
This shows also, that there cannot be any integer ℓ such that κG(X) ≥ ℓ
implies the existence of a 4-connected topological X-minor.
By the first example, it remains open whether an integer ℓ exists — it
must be at least 7 — such that every graph G containing X ⊆ V (G) with
κG(X) ≥ ℓ has a 5-connected X-minor. We conclude this section by showing:
Observation 3. There cannot be any integer ℓ such that κG(X) ≥ ℓ implies
the existence of a 6-connected X-minor.
Proof.
Let ℓ ≥ 6 and consider the planar graph Hℓ of Figure 3. It contains a set X
of ℓ+ 1 white vertices of degree ℓ and further ℓ2(ℓ+ 1) black vertices. It is
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Figure 3: The graph Hℓ.
easy to see that κHℓ(X) = ℓ. An arbitrary X-minor M of Hℓ is also planar
and, since it contains X, it has at least ℓ+ 1 ≥ 7 vertices. It is known that
planar graphs are not 6-connected. ♦
2 Proof of Theorem 1
In the sequel, the following Lemma 2 — as a consequence of Menger’s The-
orem [4, 9] — and Lemma 3 are used several times.
Lemma 2. Let G be a graph, X ⊆ V (G), k ≥ 1, and |X| ≥ k + 1.
Then κG(X) ≥ k if and only if for every x, y ∈ X with xy /∈ E(G) there are
k internally vertex disjoint paths connecting x and y.
Let S be an X-separator of G, the union F of the vertex sets of at least one
but not of all components of G−S is called an S-X-fragment, if both F and
F := V (G−S) \F contain at least one vertex from X. In this case, F is an
S-X-fragment, too.
For a S-V (G)-fragment F , we again drop the V (G) in the notion; thus, F
is an S-fragment for a separator S of G. We say that some set Y ⊆ V (G)
is X-free if Y ∩X = ∅.
Lemma 3. Let G be a graph, S ⊂ V (G) be a separator of G, and F be an
X-free S-fragment of G. Furthermore, let G′ be the graph obtained from
G[F ∪ S] by adding all possible edges between vertices of S (if not already
present).
Then κG′(X) ≥ κG(X).
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Proof of Lemma 3.
If G′[X] is complete, then κG′(X) = |X| − 1 ≥ κG(X), hence, Lemma 3
holds in this case.
Consider x1, x2 ∈ X such that x1 and x2 are non-adjacent in G
′. Since
S forms a clique in G′, we may assume that x2 /∈ S (possibly x1 ∈ S).
According to Lemma 2, we have to show that there are at least κG(X)
internally vertex disjoint paths in G′ connecting x1 and x2. Note that x1
and x2 are also non-adjacent in G and, again using Lemma 2, consider a set
P of κG(X) internally vertex disjoint paths of G connecting x1 and x2.
If some P ∈ P is not a path of G′, then P contains at least one subpath Q on
at least 3 vertices connecting two vertices u, v ∈ S such that V (Q)∩V (G′) =
{u, v}. We obtain a path connecting x1 and x2 from P by removing all inner
vertices of Q and adding the edge uv. Note that uv ∈ E(G′) and repeating
this procedure finally leads to a path P ′ of G′. If P ∈ P is a path of G′, we
put P ′ = P .
Since V (P ′) ⊆ V (P ) for all P ∈ P , the set P ′ = {P ′ | P ∈ P} is a set of
κG(X) internally vertex disjoint paths connecting x1 and x2. Since x1 and
x2 have been chosen arbitrarily, Lemma 3 is proved. 
First we prove Theorem 1 (ii).
Proof of Theorem 1 (ii).
Since X is connected in G, there is a component K of G containing all ver-
tices from X. If K is k-connected, then K itself is a k-connected topological
X-minor of G and (ii) is proved in this case.
Assume that (ii) is not true and let G be a smallest counterexample. Then
G is connected and consider a smallest separator S of G, |S| ≤ k − 1 ≤ 2.
Since κG(X) ≥ k, there is an X-free S-fragment F of G and X ⊆ F ∪ S.
Let G′ be obtained from G[F ∪ S] by adding all possible edges between
vertices of S (if not already present), then, by Lemma 3, κG′(X) ≥ k.
Since G′ has less vertices than G, G′ contains a subgraph H ′ isomorphic to
a subdivision of a k-connected X-minor M ′ of G′. Note that M ′ is also an
X-minor of G, since we can contract F into one of the at most two vertices
of S by performing only X-legal edge contractions.
If H ′ is also a subgraph of G, then this contradicts the choice of G. Thus,
k = 3, κG(V (G)) = 2, S = {u, v} and uv ∈ E(H
′)\E(G). In this case, let H
be obtained from H ′ by replacing uv with a path Q of G connecting u and
v such that V (Q) ∩ F = ∅. Then H is a subgraph of G and also isomorphic
to a subdivision of M ′, again a contradiction, and (ii) is proved. 
Proof of Theorem 1 (i).
Since a topological X-minor is an X-minor, Theorem 1 (ii) implies (i) if
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k ∈ {1, 2, 3}. It remains to consider the case k = 4 and it suffices to show:
If κG(X) ≥ 4, then there exists an X-legal edge xy such that κG/xy(X) ≥ 4,
unless G is 4-connected.
Claim 1.
If xy is an X-legal edge of G, then κG/xy(X) ≥ κG(X) or κG/xy(X) =
κG(X)−1 and the latter case holds if and only if there exists an X-separator
of G of size κG(X) containing x and y.
Proof of Claim 1.
We assume κG/xy(X) < κG(X). Then (G/xy)[X] is not complete, because
otherwise |X| − 1 = κG/xy(X) < κG(X), contradicting κG(X) ≤ |X| − 1.
Let x1, x2 ∈ X and S ⊂ V (G/xy) be chosen such that |S| = κG/xy(X) and
S separates x1 and x2 in G/xy.
Then x1x2 /∈ E(G/xy) and it follows x1x2 /∈ E(G) because an edge in
E(G)\E(G/xy) is incident with y. Since κG/xy(X) < κG(X), G−S contains
a path P connecting x1 and x2. If y /∈ V (P ), then P is also a path of
G/xy − S, contradicting the choice of S. If y ∈ V (P ) and x /∈ S, then
x ∈ V (G/xy), NG(y) \ {x} ⊆ NG/xy(x) and, in both cases x ∈ V (P ) and
x /∈ V (P ), it is easy to see that (G/xy)− S still contains a path connecting
x1 and x2, again a contradiction.
All together, x ∈ S and every path of G−S connecting x1 and x2 contains y.
It follows that S∪{y} separates x1 and x2 in G, hence, κG(X) ≤ |S∪{y}| =
κG/xy(X) + 1 ≤ κG(X). ♦
So suppose that κG(X) ≥ 4 and G is not 4-connected. Since |V (G)| ≥
|X| > 4, there must exist a separator T with |T | ∈ {1, 2, 3}. Since at most
one component of G− T contains vertices from X, there exists an X-free T-
fragment F . Let x ∈ T and y ∈ NG(x) ∩ F , then xy is X-legal, and it turns
out by Claim 1 that κG/xy(X) ≥ 4 if G[X] is complete or if κG(X) ≥ 5.
Assume that |T | ∈ {1, 2}. For all u, v ∈ X with uv /∈ E(G), there are
four internally vertex disjoint paths in G connecting u and v. If one of these
paths contains y, then this path, say P , also contains x and there is a path in
G/xy connecting u and v using only vertices from P ; hence, κG/xy(X) ≥ 4.
Therefore, κG(V (G)) = 3 and κG(X) = 4.
Claim 2.
Let G be a graph, X,X ′ ⊆ V (G), G[X] and G[X ′] not complete and S
and S′ be X-separators and X ′-separators with |S| = κG(X) and |S
′| =
κG(X
′), respectively. For an S-X-fragment F and an S′-X ′-fragment F ′, let
T (F,F ′) := (F ∩ S′) ∪ (S′ ∩ S) ∪ (S ∩ F ′).
Then
(i) If F ∩F ′ 6= ∅, then T (F,F ′) is a separator of G separating F ∩F ′ from
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the remaining graph,
(ii) |T (F,F ′)|+ |T (F,F ′)| = |S|+ |S′|.
Proof of Claim 2.
Since S and S′ are separators, NG(F ∩F
′) ⊆ S∪F and NG(F ∩F
′) ⊆ S′∪F ′.
Hence, NG(F ∩F
′) ⊆ T (F,F ′). Obviously, V (G) 6= T (F,F ′)∪(F ∩F ′), thus
NG(F ∩F
′) is a separator of G; and so is T (F,F ′). This proves (i) and easy
counting leads to (ii). ♦
Now, let us go back to the situation that there is a separator T of G with
|T | = κG(V (G)) = 3.
Claim 3.
Let T be a separator of G with |T | = 3. Then
(i) T is an anticlique,
(ii) if F is an X-free T-fragment, x ∈ T , y ∈ F ∩ NG(x), S is an X-
separator with x, y ∈ S of minimal size, and B is an S-X-fragment,
then |B ∩ T | = 1.
Proof of Claim 3.
Let F be an X-free T-fragment and x ∈ T . For y ∈ F ∩NG(x), the edge xy is
X-legal. By Claim 1, there exists an X-separator S with x, y ∈ S. Let B be
an S-X-fragment. If T ∩B = ∅, then B∩F is not X-free and is separated by
T (B,F ) from B (Claim 2 (i)). But T (B,F ) = (B∩T )∪ (T ∩S)∪ (S ∩F ) ⊆
S \ {y} has at most three vertices, a contraction to κG(X) = 4.
In the same vein, T ∩ B 6= ∅ and, because |T | = 3, it follows |B ∩ T | =
|B ∩ T | = 1 and the two vertices in T \ {x} are non-adjacent. Since x has
been chosen arbitrarily from T , T is an anticlique in G, and so is every
separator T of G with |T | = 3. ♦
Claim 4.
Let T be a separator of G with |T | = 3 and F be an X-free T-fragment, then
|F | = 1.
Proof of Claim 4.
Let x ∈ T , y ∈ F ∩NG(x), S be an X-separator with x, y ∈ S of minimal size
(by Claim 1), and B be an S-X-fragment. If |F ∩S| ≥ 2, then |T (B,F )| ≤ 3
and |T (B,F )| ≤ 3, and both B ∩ F and B ∩ F are X-free, so that X ⊆
T ∪ (F ∩ S), contradicting |X| ≥ 5. Hence F ∩ S = {y}. Let x′ be the
unique vertex in B ∩ T by Claim 3 (ii).
It follows that B ∩ F = ∅ for otherwise this set would be an {x, y, x′}-
fragment as T (B,F ) = {x, y, x′} is a separator of G by Claim 2 (i); but
{x, y, x′} is not an anticlique since xy ∈ E(G), which is a contradiction to
9
Claim 3 (i). Likewise, B ∩F = ∅, so that F = {y}, and again, this holds for
every X-free T-fragment. ♦
Now, let T = {x, x′, x′′} be a separator of G, F = {y} be an X-free T-
fragment (Claim 4), and S be an X-separator with x, y ∈ S and |S| = 4.
Then there is an S-X-fragment B and unique vertices x′ and x′′ in B ∩ T
and B ∩ T , respectively (by Claim 3 (ii)). There exists an X-separator S′
with x′, y ∈ S′ by Claim 1 and we may take an S′-X-fragment B′ such that
x ∈ B′ and x′′ ∈ B′ (by Claim 3 (ii)). This situation is sketched in Figure 4.
yx
x′
x′′
S′
B′ B′
S
B
B
Figure 4:
Claim 5.
The following holds:
(i) B ∩B′ or B ∩B′ is X-free,
(ii) B ∩B′ or B ∩B′ is X-free,
(iii) If B ∩B′ = ∅, then |T (B,B′)| ≥ 5.
Proof of Claim 5.
To prove (i) assume that B ∩ B′ and B ∩ B′ are not X-free. Then, by
Claim 2, T (B,B′) and T (B,B′) both areX-separators and since |T (B,B′)|+
|T (B,B′)| = |S| + |S′| = 8, we have |T (B,B′)| = |T (B,B′)| = 4. But
T (B,B′) \ {y} is also an X-separator because y has no neighbor in B ∩ B′,
a contraction.
By the same arguments, T (B,B′) \ {y} is an X-separator of size 3 if B ∩B′
and B ∩B′ both are not X-free, and (ii) is shown.
To see (iii), assume that B∩B′ = ∅. Since x and x′ must have neighbors in B
and B′, respectively, which can only be in S′ \{x′} and S \{x}, respectively,
T (B,B′) has at least five vertices. ♦
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Claim 6.
Let T be a separator of G with |T | = 3, then T ∩X = ∅.
If additionally B and B′ are an S-X-fragment and an S′-X-fragment, respec-
tively, as defined before, then B ∩B′ is X-free.
Proof of Claim 6.
Assume that B ∩ B′ is not X-free. Thus, B ∩ B′ is X-free by Claim 5 (ii).
One checks that |B ∩ S′| ≥ |S ∩ B′| and |B′ ∩ S| ≥ |S′ ∩ B| (by Lemma 2,
a vertex from X in B ∩B′ has at least four internally vertex disjoint paths
to any vertex from X in B and B′, respectively).
Furthermore, T (B,B′) is an X-separator by Claim 2 (i) and, therefore,
|T (B,B′)| ≥ 4. Thus, |T (B,B′)| ≤ 4 (Claim 2 (ii)) and by Claim 5 (iii),
B ∩ B′ 6= ∅, so that Tˆ = NG(B ∩ B
′) = T (B,B′) \ {y} is a separator of
size 3 in G. By Claim 4, B ∩ B′ is a Tˆ -fragment and its unique vertex
b is adjacent to the three vertices in Tˆ . Let v be the unique vertex from
T (B,B′) \ {x, x′, y}. The situation is sketched in Figure 5.
yx
x′
x′′
b
v
c
X-free
S′
B′ B′
S
B
B
Figure 5:
If v ∈ S ∩B′, then |T (B,B′)| ≥ 5 (since |B ∩ S′| ≥ |S ∩B′|), which implies
that B∩B′ is empty. Thus, B = {b, x′} and x′ ∈ X, so that x′ has degree at
least 4 and must be adjacent to at least one of the two neighbors of b in S;
this is not possible as NG(b) = Tˆ is an anticlique (Claim 3). Analogously,
the assertion v ∈ S′ ∩B is contradictory.
It follows that v ∈ S ∩ S′. Thus, |T (B,B′)| = |T (B,B′)| = 4, where y
has no neighbors in B ∩ B′ and B ∩ B′, so that the latter two sets are X-
free. It follows that X ∩ B′ = {x} and x has degree at least 4. Since x
is non-adjacent to the two neighbors of b in S′, it must have a neighbor in
B′ distinct from b, implying that B ∩ B′ is non-empty and, consequently,
consists of a single vertex c. Since x is not adjacent to the two neighbors of
c in S′, the only neighbors of x are b, c, and y, a contraction.
11
Therefore, B ∩ B′ is X-free, and, in particular, x′′ /∈ X. By symmetry,
x, x′ /∈ X, so that X is disjoint from T and, hence, from every separator T
in G with |T | = 3. ♦
Let B,B′ as before and note that B ∩ B′ 6= ∅ is X-free (by definition and
by Claim 6). By symmetry we may assume that B ∩ B′ is X-free (see
Claim 5 (i)), so that B ∩X ⊆ S′ ∩ B. This implies that T (B,B′) is not a
separator in G of size 3 (since T (B,B′) is not X-free). Thus, |T (B,B′)| ≥ 4
and |T (B,B′)| ≤ 4 by Claim 2 (ii). By Claim 5 (iii), B ∩ B′ is non-empty,
and, as NG(B ∩ B
′) = T (B,B′) \ {y} is a separator of size 3, we get by
Claim 4 that B ∩ B′ consists of a single vertex b adjacent to all vertices in
T (B,B′)\{y}, and, hence b is adjacent to all vertices in B′∩S; among them,
there is at least one vertex from B′∩X (since B∩B′ and B∩B′ are X-free).
This contradicts Claim 6 that NG(b) must be X-free; and Theorem 1 (i) is
proved. 
3 Locally Spanning Subgraphs
As examples of applications of Theorem 1, we show in this section how The-
orem 1 can be used to ensure the existence of a subgraph H of a graph G
such that H contains a specified X ⊆ V (G), i. e. H is X-spanning, and H
has certain properties if κG(X) is large (Theorem 2 and Theorem 3). For a
positive integer t, a t-tree is a tree with maximum degree at most t.
Since an X-minor of a planar graph G is also planar, we first list four state-
ments on the existence of subgraphs of a sufficiently highly connected planar
graph G. In Statements 5 and 6, we consider non-planar graphs.
For 3-connected planar graphs, Barnette, Biedl, and Gao proved the follow-
ing Statements 1 and 2, where Statement 1 is best possible since there are
3-connected planar graphs without a hamiltonian path.
Statement 1 (D. W. Barnette [2], T. Biedl [3]). IfG is a 3-connected
planar graph and uv ∈ E(G), then G has a spanning 3-tree, such that u and
v are leaves of that tree.
Statement 2 (Z. Gao [7]). A 3-connected planar graph G contains a 2-
connected spanning subgraph of maximum degree at most 6.
In [1], it is shown that the constant 6 in Statement 2 cannot be replaced
with 5.
Tutte [14] proved that every 4-connected planar graph has a hamiltonian
cycle, and Thomassen [13] generalized this result by showing that every 4-
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connected planar graph has a hamiltonian path connecting every given pair
of vertices. Eventually, Sanders [12] extended the results of Thomassen and
of Tutte and proved the following statement.
Statement 3 (D. P. Sanders [12]). Every 4-connected planar graph G
has a hamiltonian path between any two specified vertices x1 and x2 and
containing any specified edge other than x1x2.
In [8], it is shown that Statement 3 is best possible in the sense that there
are 4-connected maximal planar graphs with three edges of large distance
apart such that any hamiltonian cycle misses one of them.
Thomas and Yu proved Statement 4.
Statement 4 (R. Thomas, X. Yu [12]). A graph obtained from a 4-
connected planar graph G on at least 5 vertices by deleting 2 vertices is
hamiltonian.
Clearly, if three vertices of a 4-separator of a 4-connected planar graph are
removed, then the resulting graph does not contain a hamiltonian cycle,
thus, Statement 4 is best possible.
For not necessarily planar graphs, Statements 5 and 6 hold.
Statement 5 (K. Ota, K. Ozeki [10]). Let t ≥ 4 be an even integer and
let G be a 3-connected graph. If G has noK3,t-minor, then G has a spanning
(t− 1)-tree.
For a surface Σ, the Euler characteristic χ is defined by χ = 2 − 2g if Σ is
an orientable surface of genus g, and by χ = 2 − g if Σ is a non-orientable
surface of genus g. Ellingham showed the following result.
Statement 6 (M. Ellingham [6], [11]). Let G be a 4-connected graph
embedded on a surface of Euler characteristic χ < 0. Then G has a spanning
⌈10−χ4 ⌉-tree.
In the sequel, X-spanning versions of all six statements listed above are
given. In Theorem 2, we present locally spanning subgraph versions of the
Statements 1, 2, and 5, which are straight consequences of the statements
and Theorem 1 (ii). The translation of the other three statements into local
versions (see Theorem 3) needs more effort. Note that a minor of a graph
G does not contain a graph U as a minor if already G does not contain U
as a minor.
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Theorem 2.
(i) If G is a planar graph, X ⊆ V (G), and κG(X) ≥ 3, then G contains
an X-spanning 3-tree H1. Moreover, if uv ∈ E(G[X]), then H1 can be
chosen such that u and v are leaves of H1.
(ii) If G is a planar graph, X ⊆ V (G), and κG(X) ≥ 3, then G contains a
2-connected X-spanning subgraph H2 of maximum degree at most 6.
(iii) If t ≥ 4 is an even integer, X ⊆ V (G) for a graph G, κG(X) ≥ 3, and
G has no K3,t-minor, then G has an X-spanning (t− 1)-tree.
Proof of Theorem 2.
Let G be a graph and X ⊆ V (G) with κG(X) ≥ 3 and properties requested
as in Theorem 2. By Theorem 1 (ii), there is a topological X-minor M of
G, which contains G[X] as a subgraph, and let ϕ be an isomorphism from
a certain subdivision of M into a subgraph of G such that all vertices of M
are fixed by ϕ. Applying the suitable Statement 1, 2, or 5 on M , we obtain
a spanning subgraph H of M containing all vertices from X. Using the
isomorphism ϕ, a subdivision of H can be found in G which is X-spanning
and has the properties in G that H has in M . 
Given a graph G and X ⊆ V (G), a subgraph H of G is an X-spanning
generalized cycle of G ifH is the edge disjoint union of a cycle C of G and |X|
pairwise vertex disjoint paths P [xi, yi] of G connecting xi and yi (possibly
xi = yi) such that X∩V (P [xi, yi]) = {xi} and V (C)∩V (P [xi, yi]) = {yi} for
i = 1, . . . , |X|. An X-spanning generalized path P of G is defined similarly
if in the previous definition the cycle C is replaced with a path P of G.
Note that an X-spanning path or an X-spanning cycle is also an X-spanning
generalized path or an X-spanning generalized cycle, respectively, and we
observe:
Observation 4. Let X ⊆ V (G) for some graph G and M be an X-minor of
G. IfM has an X-spanning path or an X-spanning cycle as a subgraph, then
G contains an X-spanning generalized path or an X-spanning generalized
cycle, respectively.
Proof.
Let P be anX-spanning path ofM andM = (Vv)v∈V (M) be anM -certificate.
For each edge uv ∈ E(P ), there is an edge euv ∈ E(G) between a vertex in
Vu and a vertex in Vv. For each v ∈ V (P ) we define a set Ev of edges in Vv
as follows: If v is an end vertex of P or if, for uv, vw ∈ E(P ) with u 6= w,
the end vertices of euv and evw in Vv coincide, then Ev = ∅. Otherwise, the
end vertices of euv and evw in Vv can be connected by a path Q in G[Vv],
since G[Vv] is connected, and we put Ev = E(Q).
We obtain a path P ′ in G with E(P ′) = {euv | uv ∈ E(P )} ∪
⋃
v∈V (P )Ev,
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which has non-empty intersection with Vv for all v ∈ V (P ). If x ∈ X is
not on P ′, then there is a path Px in Vx connecting x to the subpath of P
′
in G[Vx], i. e. X ∩ V (Px) = {x} and |V (P
′) ∩ V (Px)| = 1. Eventually, P
′
together with all paths Px for x ∈ X\V (P
′) forms anX-spanning generalized
path of G.
Using the same arguments, the existence of a X-spanning generalized cycle
of G can be proved if M contains an X-spanning cycle. 
Using Theorem 1 (i) and previous Observation 4, the Statements 3 and 4
can be immediately translated to locally spanning versions if the formula-
tions “X-spanning path” and “X \{x1, x2}-spanning cycle” in the forthcom-
ing Theorem 3 (i) and (ii) are replaced by “X-spanning generalized path”
and “X \ {x1, x2}-spanning generalized cycle”, respectively. Theorem 3 (i)
and (ii) do not follow directly from Theorem 1 since Theorem 1 (ii) is not
true in case k = 4 (see Observation 2). We will use the theory of Tutte-paths
in 2-connected plane graphs (see [12, 13, 14]) instead of Theorem 1 to prove
the strong locally spanning versions, stated in Theorem 3 (i) and (ii), of
Statements 3 and 4, respectively.
Furthermore, we show that Theorem 3 (iii) is a consequence of Statement 6
and Theorem 1 (i); thereby the upper bound on the maximum degree of
the desired tree increases by “+1” compared with the one of Statement 6
(observe again that Theorem 1 (ii) does not hold in case k = 4).
Theorem 3.
(i) If G is a planar graph, X ⊆ V (G), κG(X) ≥ 4, x1, x2 ∈ X, E
′ ⊂
E(G[X]), |E′| ≤ 1, and x1x2 /∈ E
′, then G contains an X-spanning
path P connecting x1 and x2 with E
′ ⊆ E(P ).
(ii) If G is a planar graph, X ⊆ V (G), κG(X) ≥ 4, and x1, x2 ∈ X, then
G− {x1, x2} contains an X \ {x1, x2}-spanning cycle.
(iii) Let G be a graph embedded on a surface of Euler characteristic χ < 0,
X ⊆ V (G), κG(X) ≥ 4. Then G has an X-spanning (⌈
10−χ
4 ⌉+1)-tree.
Proof of Theorem 3.
In the following proof of Theorem 3, Observation 5 obtained from Lemma 3
is used several times.
Observation 5. Let G be a graph, S ⊂ V (G) be a separator of G, and F
be an X-free S-fragment of G. Furthermore, let G′ be the graph obtained
from G[F ∪ S] by adding all possible edges between vertices of S (if not
already present).
Then κG′(X) ≥ κG(X) and G
′ is planar if all following conditions hold: G
is planar, |S| ≤ 3, and S is a minimal separator.
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Before we start to prove Theorem 3 (i), we introduce the concept of bridges
and Tutte paths [14], on which the proofs of Statements 3 and 4 are prin-
cipally based. Therefore, let G be a 2-connected graph embedded into the
plane, H be a subgraph of G, V (G) \ V (H) 6= ∅, and K be a component of
G−V (H). If NG(K) ⊆ V (H) is the set of neighbors of K in V (H), then the
graph B with V (B) = V (K) ∪ NG(K) and E(B) = E(K) ∪ {uv ∈ E(G) |
u ∈ V (K), v ∈ V (H)} is a non-trivial bridge of H, where NG(K) and V (K)
are called the sets T (B) of touch vertices and I(B) of inner vertices of B,
respectively. (A trivial bridge is an edge of G−E(H) whose two end vertices
are contained in H.) Since we are interested in bridges containing a vertex
of X as an inner vertex, all references to bridges focus to non-trivial ones.
The exterior cycle of G is the cycle CG bounding the infinite face of G. A
path P of G on at least two vertices is a Tutte path of G if each bridge of P
has at most three touch vertices and each bridge containing an edge of CG
has exactly two touch vertices. (Note that a bridge of P cannot have less
than two touch vertices since G is 2-connected.)
Tutte [14] proved that, for x, y ∈ V (CG) and e ∈ E(CG), G contains a Tutte
path from x to y containing e. Thomassen [13] improved Tutte’s result by
removing the restriction on the location of y, and, eventually, Sanders ([12])
established the following Lemma 4:
Lemma 4 (D.P. Sanders, 1997, [12]). IfG is a 2-connected plane graph,
e ∈ E(CG), and x, y ∈ V (G), then G has a Tutte path from x to y containing
e.
A bridge of a Tutte path of a 3-connected planar graph G has exactly three
touch vertices. Moreover, a 3-connected planar graph has a unique embed-
ding in the plane up to the choice of the infinite face, thus, the following
Observation 6 holds.
Observation 6. If G is 3-connected, then in Lemma 4 the condition e ∈
E(CG) can be replaced with e ∈ E(G).
Thomas and Yu [12] generalized the terms of Tutte in the following sense.
Let E′ ⊆ E(G) for a 2-connected graph G, then a path P of G on at least
two vertices is an E′-snake of G if each bridge of P has at most three touch
vertices and each bridge containing an edge of E′ has exactly two touch
vertices. Note that a Tutte path in its original meaning is an E(CG)-snake.
A cycle C of G is an E′-sling of G if C− e for some e ∈ E(C) is an E′-snake.
The following lemma generalizes Tutte’s result.
Lemma 5 (R. Thomas, X. Yu, 1994, [12]). If G is a 2-connected plane
graph with outer cycle CG, another facial cycle D, and e ∈ E(CG), then G
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has an (E(CG)∪E(D))-sling C such that e ∈ E(C) and no C-bridge contains
edges of both CG and D.
If G is a plane graph, X ⊆ V (G), κG(X) ≥ 4, E
′ ⊆ E(G), and Q is an
E′-snake of G, then, by the forthcoming Lemma 6, all vertices of X either
belong to a single Q-bridge or all belong to Q.
Lemma 6. Let Q be an E′-snake of a 2-connected planar graph G, E′ ⊆
E(G), X ⊆ V (G), and κG(X) ≥ 4. If X is not a subset of V (Q), then
X ⊆ V (B) for some bridge B of Q and, in this case, Q contains at most 3
vertices of X.
Proof.
Let x ∈ X \ V (Q), then there is a bridge B of Q containing x as an inner
vertex and B has at most three touch vertices on Q. Assume there is a
vertex y ∈ X \ V (B). Then the touch vertices T (B) form an X-separator
of G, contradicting κG(X) ≥ 4. Hence, X ⊆ V (B) and |X ∩ V (Q)| ≤
|V (B) ∩ V (Q)| = |T (B)| ≤ 3. ♦
Proof of Theorem 3 (i).
Suppose, to the contrary, that Theorem 3 (i) does not hold and let G be a
counterexample such that |V (G)| is minimum.
If G is not 2-connected, then, because κG(X) ≥ 4, X ⊆ V (K) for a block K
of G. Moreover, E′ ⊂ E(K) and, by Lemma 3, κK(X) ≥ κG(X) ≥ 4. Thus,
K is a smaller counterexample than G, a contradiction.
Assume that G has a separator S = {u, v} ⊆ V (G). Because κG(X) ≥ 4,
there is an S-fragment F , such that X ⊆ F ∪ S. Let G1 be obtained from
G[F ∪ S] by adding the edge uv (if not already present). By Lemma 3 and
Observation 5, it follows X ⊆ V (G1), E
′ ⊂ E(G1), and κG1(X) ≥ 4. Since
G − F contains S, there is a path Q of G − F with ends u and v. The
subgraph of G obtained from G1 by replacing the path (u, uv, v) with Q
shows that G1 is a smaller counterexample than G, again a contradiction.
Hence, we may assume that G is 3-connected and consider two cases to
complete the proof of Theorem 3 (i).
Case 1. |E′| = 1.
Let Q be a Tutte path of G connecting x1 and x2 such that E
′ ⊂ E(Q)
(Lemma 4 and Observation 6). If X ⊆ V (Q), then Q is the desired path
P , contradicting the choice of G. By Lemma 6, it follows |V (Q) ∩X| ≤ 3
and there is a bridge B of Q such that X ⊆ V (B), I(B) ∩X 6= ∅. Since E′
consists of one edge e from E(G[X]) and x1x2 /∈ E
′, we may assume that
e = x1u for some vertex u ∈ X. Hence, T (B) = {x1, x2, u}.
If |V (Q)| ≥ 4 or Q has a second bridge distinct from B, then the graph G1
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obtained from G[I(B)∪T (B)] by adding all possible edges between vertices
of T (B) (if not already present — see Lemma 3 with T (B) as separator), is
a smaller counterexample than G, a contradiction.
Thus, G = G1 if x1x2 ∈ E(G) or G is obtained from G1 by removing
x1x2 otherwise. Moreover, V (Q) = {x1, u, x2}. Let v ∈ I(B) ∩ X, w be
an arbitrary neighbor of v distinct from x1 (note that w exists because
κG(X) ≥ 4), and G
′ = G − x1. Note that G
′ is 2-connected and assume
that G′ is embedded in the plane such that vw is an edge of the exterior
cycle CG′ . Let R be a Tutte path of G
′ from u to x2 through the edge vw.
The path obtained from R by adding x1 and e = x1u contains at least four
vertices of X; hence, with Lemma 6, it contains X, a contradiction.
Case 2. E′ = ∅.
Choose an arbitrary edge e = uv of G such that {u, v} ∩ {x1, x2} = ∅. To
see that e exists, assume that each edge of G is incident with x1 or with x2.
Then G− {x1, x2} is edgeless, a contradiction to κG(X) ≥ 4 and |X| ≥ 5.
Now consider a Tutte path Q from x1 to x2 through e. Since X ⊆ V (Q)
contradicts the choice ofG, there exists a bridgeB ofQ such thatX ⊆ V (B).
It follows X ∩ I(B) 6= ∅ and x1, x2 ∈ T (B). Since |V (Q)| ≥ 4, the graph
obtained from G[I(B)∪T (B)] by adding all possible edges between vertices
of T (B) (if not already present), is a smaller counterexample than G, a
contradiction. 
Proof of Theorem 3 (ii).
Suppose, to the contrary, that Theorem 3 (ii) does not hold and let G be a
counterexample such that |V (G)| is minimum.
If G is not 2-connected, then, as in the proof of Theorem 3 (i), there is
a block K of G with X ⊆ V (K) and κK(X) ≥ 4. Thus, K is a smaller
counterexample than G, a contradiction.
Assume that G is embedded in the plane such that x1 is incident with the
outer face and consider G − {x1, x2}. Since |X| ≥ 5 (because κG(X) ≥ 4)
and κ(G−{x1,x2})(X\{x1, x2}) ≥ 2, there is a block H containing X\{x1, x2}.
Assume there is a component K of G − ({x1, x2} ∪ V (H)) and let NG(K)
be the neighbors of K in G. Because H, as a block of G − {x1, x2}, is a
maximal 2-connected subgraph, it follows |NG(K) ∩ V (H)| ≤ 1. Obviously,
NG(K) \ V (H) ⊆ {x1, x2} and, therefore, |NG(K)| ≤ 3.
Consider the graph G1 obtained from G by removing V (K) and adding all
edges between the vertices of NG(K) (if not already present). Then G1 is
planar since |NG(K)| ≤ 3 and, furthermore, κG1(X) ≥ 4 (see Lemma 3 and
Observation 5). By the choice of G, there is a cycle C of G1 containing all
vertices of X except x1 and x2. Evidently, C misses all new edges between
the vertices of NG(K), thus, C is also a cycle of G, a contraction. We
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conclude that H = G− {x1, x2}.
For i = 1, 2, there are (not necessarily distinct) faces αi of H containing
the vertex xi in G and let Ci be the facial cycle of αi in H. Because of the
choice of the embedding of G, α1 is the outer face of H, thus, CH = C1. We
follow the proof in [12].
Case 1: C1 = C2.
If α1 6= α2, then H = C1 and C1 is the desired cycle. Otherwise, the vertices
of V (C1) can be numbered with v1, v2, . . . , vk according to their cyclic order
in a such way that x2 is not adjacent to vertices v2, v3, . . . , vℓ−1 and x1 is not
adjacent to vertices vℓ+1, vℓ+2, . . . , vk for some integer ℓ with 3 ≤ ℓ ≤ k − 1
(note that x1 and x2 have degree at least 4 in G). We apply Lemma 4 and
consider a Tutte path Q of H from v1 to v2 containing vℓvℓ+1 which can be
joined by v1v2 to a cycle.
Since G is a counterexample, there is x ∈ X \(V (Q)∪{x1, x2}) and a bridge
B of Q in H containing x as an inner vertex.
If I(B) ∩ V (C1) = ∅, then NG(x1) ∩ V (B) ⊆ T (B) and T (B) separates x
from x1 in G, contracting κG(X) ≥ 4.
Otherwise, there is v ∈ I(B) ∩ V (C1). Then the edge uv, where u is a
neighbor of v at C1, belongs to B. Especially, u ∈ V (B) and B has exactly
two attachment points s and t in V (Q) and s, t ∈ V (C1). Thus, the subpath
P of C1 from s to t containing v is a path of B. If (I(B)∩V (C1))\V (P ) 6= ∅,
then there would be another subpath P ′ of C1 connecting s and t with
V (P ′) ⊆ V (B), hence, E(C1) = E(P )∪E(P
′), contradicting vℓvℓ+1 ∈ E(Q).
Furthermore, v1, vℓ /∈ I(B) and (I(B) ∩ V (C1)) ∩ NG(xi) = ∅ for one i ∈
{1, 2}. But then NG(xi) ∩ V (B) ⊆ T (B) and T (B) ∪ {x3−i} separates x
from xi, contracting κG(X) ≥ 4.
Case 2: C1 6= C2.
By Lemma 5, there is an (E(C1) ∪ E(C2))-sling C.
Since G is a counterexample, there is x ∈ X \ V (C) and a bridge B of C
containing x as an inner vertex and, by Lemma 5, not simultaneously edges
from both cycles C1 and C2. Hence, I(B) ∩ V (C1) = ∅ or I(B) ∩ V (C2) =
∅, and in both cases T (B) separates x from x1 or x2 in G, contradicting
κG(X) ≥ 4. 
Proof of Theorem 3 (iii).
Note that any minor of G is also embeddable on a surface of Euler charac-
teristic χ. Using Theorem 1 (i) and Statement 6, let M be a 4-connected
X-minor of G, M = (Vv)v∈V (M) be an M -certificate of G, and T be a span-
ning tree of M of maximum degree at most ⌈10−χ4 ⌉.
For each edge e = uv ∈ E(T ), let e′ ∈ E(G) be an arbitrary edge between
a vertex in Vu and Vv. Furthermore, set V
′
v = Vv ∩ (
⋃
e∈E(T ) V (e
′)) for
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v ∈ V (T ). Moreover, for v ∈ V (T ) and w ∈ V ′v , let f(w) = |{e ∈ E(T ) | w
is incident with e′}|.
Since
∑
w∈V ′v
f(w) = dT (v), it follows 1 ≤ f(w) ≤ dT (v) − |V
′
v | + 1 for all
w ∈ V ′v . Since G[Vv ] is connected for v ∈ V (T ), the following Observation 7
can be seen readily by induction on |V ′v |.
Observation 7. For v ∈ V (T ), G[Vv ] contains a V
′
v -spanning tree TV ′v such
that, for all w ∈ V (TV ′v ), dTV ′v
(w) ≤ |V ′v | − 1 if w ∈ V
′
v and dTV ′v
(w) ≤ |V ′v |,
otherwise.
Let T ∗ be the tree of G with
V (T ∗) =
⋃
v∈V (T )
V (TV ′v ) and
E(T ∗) = (
⋃
v∈V (T )
E(TV ′v )) ∪ {e
′ | e ∈ E(T )}.
Since f(w) ≤ dT (v) − |V
′
v | + 1 and dTV ′v
(w) ≤ |V ′v | − 1, it follows dT ∗(w) =
f(w) + dTV ′v
(w) ≤ dT (v) for w ∈ V
′
v and v ∈ V (T ). If w ∈ (Vv \ V
′
v) ∩ V (T
∗)
for some v ∈ V (T ), then dT ∗(w) = dTV ′v
(w) ≤ |V ′v | ≤
∑
u∈V ′v
f(u) = dT (v).
All together, the maximum degree of T ∗ is at most ⌈10−χ4 ⌉.
Clearly, X ⊆
⋃
v∈V (T ) Vv and |X∩Vv| ≤ 1 for v ∈ V (T ). For every v ∈ V (T )
and x ∈ X ∩ (Vv \ V (TV ′v )), let P be a path of G[Vv ] connecting x with a
vertex y of TV ′v such that V (P ) ∩ V (TV ′v ) = {y} and add P to T
∗. The
resulting graph is the desired X-spanning (⌈10−χ4 ⌉+ 1)-tree of G. 
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